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Abstract 

m_ 

^ ! In this paper, we unify all know iterative methods by introducing a new explicit iter- 

f~^ , ative scheme for approximation of common fixed points of finite families of total asymp- 

totically /-nonexpansive mappings. Note that such a scheme contains as a particular case 
of the method introduced in [C.E. Chidume, E.U. Ofoedu, Inter. J. Math. & Math. Sci. 



O , 2009(2009) Article ID 615107, 17p]. We construct examples of total asymptotically non- 

expansive mappings which are not asymptotically nonexpansive. Note that no such kind 
of examples were known in the literature. We prove the strong convergence theorems for 

k> ■ such iterative process to a common fixed point of the finite family of total asymptotically 

/—nonexpansive and total asymptotically nonexpansive mappings, defined on a nonempty 
closed convex subset of uniformly convex Banach spaces. Moreover, our results extend 
and unify all known results. 
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1 Introduction 

Let K he a nonempty subset of a real normed linear space X and T : K ^ K he a. mapping. 
Denote by F{T) the set of fixed points of T, that is, F{T) = {x E K : Tx = x}. Throughout 
this paper, we always assume that X is a real Banach space and F{T) 7^ 0. Now let us recall 
some known definitions 



Definition 1.1. A mapping T : K ^ K is said to he: 

(i) nonexpansive, if ||Tx — Ty\\ < ||x — y\\ for all x, y G K ; 
(a) asymptotically nonexpansive, if there exists a sequence {A„} C [l,C)o) with lim A„ = 1 

n— >oo 

such that ||T"a: — T''^y\\ < A„||x — y\\ for all x,y & K and n G N; 

(Hi) asymptotically nonexpansive in the intermediate sense, if it is continuous and the following 
inequality holds 

limsup sup (||T"x - T'^yW - \\x - y\\) < 0. (1.1) 

n— >-cxD x,yGK 

Remark 1.2. Observe that if we define 

a„ := sup (||T"x-T"y|| - ||x-y||), cr„ := max{0, a„}, (1.2) 

x,yS:K 

then cr„ — )■ as n —)■ oo and (11.11) reduces to 

||T"x-T"y|| < ||a;-y||+cT„, yx,yeK,n>l. (1.3) 

In [3]-[l] Browder studied the iterative construction for fixed points of nonexpansive map- 
pings on closed and convex subsets of a Hilbert space. Note that for the past 30 years or so, the 
study of the iterative processes for the approximation of fixed points of nonexpansive mappings 
and fixed points of some of their generahzations have been flourishing areas of research for 
many mathematicians (see for more details [15], [9]). 

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk 
[T6] as a generalization of the class of nonexpansive mappings. They proved that if i^ is a 
nonempty closed convex bounded subset of a uniformly convex real Banach space and T is an 
asymptotically nonexpansive self-mapping of K, then T has a fixed point. 

The class of mappings which are asymptotically nonexpansive in the intermediate sense was 
introduced by Bruck et al. [6]. It is known [SOj that if i^ is a nonempty closed convex bounded 
subset of a uniformly convex Banach space X and T : K -^ K is an asymptotically nonexpansive 
mapping in the intermediate sense, then T has a fixed point. It is worth mentioning that the 
class of mappings which are asymptotically nonexpansive in the intermediate sense contains 
properly the class of asymptotically nonexpansive mappings (see, e.g., [21] ) 

The iterative approximation problems for nonexpansive mapping, asymptotically nonexpan- 
sive mapping and asymptotically nonexpansive mapping in the intermediate sense were studied 
extensively in [IE], [20], [21], [6], [5], [22], [37], [26], [H], [31], [32], [33] , [7] , [8] , [13] , [H] . 

There are many different types of concepts which generalize a notion of nonexpansive map- 
ping. One of such concepts is a total asymptotically nonexpansive mapping ([Ij) and second 
one is an asymptotically /-nonexpansive mapping ([30]). Let us recall some notions. 



Definition 1.3. Let K be a nonempty closed subset of a real normed linear space X. T : 
K -^ K is called a total asymptotically nonexpansive mapping if there exist nonnegative real 
sequence {fin} and {Xn} with /i„, A„ — > as n ^ oo and strictly increasing continuous function 
: M+ ^ M+ with 0(0) = such that for all x,y e K, 

||T"x - T"y|| < \\x - y\\ + /i„,0(||x -y\\) + A„, n>l. (1.4) 

Remark 1.4. If (pi^) = ^, then (II .4^ reduces to 

||T"x - T-y\\ < (1 + /i„)||x - y\\ + A„, n> 1. (1.5) 

In addition, if Xn = for all n > 1, then total asymptotical nonexpansive mappings coincide 
with asymptotically nonexpansive mappings. If fin = and A„, = for all n > 1, we obtain 
from (II. 5p the class of mappings that includes the class of nonexpansive mappings. If fin = ^ 
and Xn = (Tn = max{0,a„}, where an := sup (||T"a:; — T^y\\ — \\x — y\\) for all n > 1, then 

x,y(iK 

(11.51) reduces to (11.31) which has been studied as mappings asymptotically nonexpansive in the 
intermediate sense. 

The idea of the definition of a total asymptotically nonexpansive mappings is that to unify 
various definitions of classes of mappings associated with the class of asymptotically nonexpan- 
sive mappings and to prove a general convergence theorems applicable to all these classes of 
nonlinear mappings. 

Alber et.al. [1] studied methods of approximation of fixed points of total asymptotically 
nonexpansive mappings. Chidume et.al. [10] introduced an iterative scheme for approximation 
of a common fixed point of a finite family of total asymptotically nonexpansive mappings in 
Banach spaces. Recently, Chidume et.al. [llj constructed a new iterative sequence much 
simpler that other types of approximation of common fixed points of finite families of total 
asymptotically nonexpansive mappings. 

On the other hand, in [30] an asymptotically /-nonexpansive mapping was introduced. 

Definition 1.5. Let T : K ^ K , I : K -^ K be two mappings of a nonempty subset K of a 
real normed linear space X . Then T is said to be: 

(i) I —nonexpansive, if \\Tx — Ty|| < ||/a; — Iy\\ for all x, y G K; 

(i) asymptotically I— nonexpansive, if there exists a sequence {A„} C [1, C)o) with lim A^ = 1 
such that ||T"x — T"|/|| < A„||/"x — /"|/|| for all x,y G K and n > 1; 

Best approximation properties of /-nonexpansive mappings were investigated in [301 [12]. ^^ 
[27] strong convergence of Mann iterations of /-nonexpansive mapping has been proved. In p3] 
the weak convergence of three-step Noor iterative scheme for an /-nonexpansive mappping in a 
Banach space has been established. In [3l] the weakly convergence theorem for asymptotically 
/-nonexpansive mapping defined in Hilbert space was proved. Recently, in [T8l l35l 136] the weak 



and strong convergence of explicit and implicit iteration process to a common fixed point of a 
finite family of asymptotically J-nonexpansive mappings have been studied. 

In this paper, we introduce a new type of concept of a generalization of nonexpansive 
mapping's nation, which is a combination of Definitions 11.31 and 11.51 

Definition 1.6. Let T : K ^ K , I : K ^ K be two mappings of a nonempty subset K of a real 
normed linear space X . Then T is said to be a total asymptotically I -nonexpansive mapping 
if there exist nonnegative real sequences {fin} and {A„} with fin, A„ — t- as n — )• oo and the 
strictly increasing continuous function (p : R+ — t- M+ with 0(0) = such that for all x,y ^ K, 

||T"x - T"y|| < \\rx - ry\\ + /i„0(||/"x - ry\\) + Xn, n> 1. (1.6) 

Now let us provide an examples of a total asymptotically J-nonexpansive mapping, which 
is not asymptotically nonexpansive mapping. 

Example 1. Let us consider the space ii, and let i?i = {x G £i : ||x||i < 1}. Define a 
nonlinear operator T : £i — )■ £i by 



Ta{xi,X2. . .,Xn,. . .) = {0,a>/\xh\,(yx2,. . .,axn,. . .), aG(0,l). (1.7) 

Let ||x||i < 1, then from 

l|T„(x)||i = aM|x||i-|xi| + v^j 

< all- \xi\ + ^/\x^\] < 1 

one gets T{Bi) d Bi. 
One can find that 

r^(a;i, X2 . . . , x„, . . . ) = ( 0, . . . , 0, a^^/\x^\, a^X2, . . . , a'^Xn, ...)■ 



Hence, 



|r,^(x) -T,^(y)||i = a'^l^llx- y||i + \^/W\- V\m\\ - ki -Z/i|). 



From x, y G -Bi we have 



|\/kil - V¥i|| < Y |ki| - bill < V||x-y||i. (1.9) 

So, it follows from ([L8]),(ILHD that 

||r„^(x) - T,^(y)||i < a'(\\^ - y||i + ^llx - y\\^ for all x,y G fii, keN. (1.10) 



Now consider a new Banach space R x £i with a norm ||X|| = |x| + ||x||i, where X = (x,x) 
and define a new mapping S" : M x £i — )• M x £i by 

S{x,x) = (x,Tc,(x)). 

Let K = [0, 1] X Bi. Then it is clear that S{K) C K. One can see that S''{x,x.) = (x,r^(x)). 
Therefore, using f ll.lip we obtain 

||5^(X)-5^Y)|| = \x-y\ + \\T^{^)-T^{y)h 

< |a;-y| + aM ||x-y||i + v/||x-y||ij 

< ||X-Y||+«^('||X-Y|| + v/l|X-Y||'] (1.11) 

We let 0(t) = t + ^/t and fj,k = a''. It is clear that 0(0) = and (p is strictly increasing, and 
moreover (II. lip implies 

\\S''{X) - S''(X)\\ < ||/X - /Y|| + /Xfc0(||/X - /Y||) 

that S" is a totaly asymptotically J-nonexpansive mapping. Here I is the identity mapping of 
Mx ii. 

Now we are going to show that S is not asymptotically nonexpansive. Namely, we will 
establish that for any sequence of positive numbers {A„} with A„ — )■ and any fc e N one can 
find Xo,Yo such that 

||5'^(Xo)-5'=(Yo)||>(l + Afc)||Xo-Yo||. 

In fact, choose Xq, Yq as follows: 

Xo = (0,xo), Yo = (0,yo), 

where 

xo = (xo, 0, . . . , 0, . . . ), yo = (^, 0, . . . , 0, . . . ) 

and 

From (II. 8p one finds 

\\S\Xo) - S'{Yo)\\ = a'\^o-^\=c^' 
IIX Y II - ^^° 

11^0 — ^Oll — —7-- 



The last equalities with (I1.12p imply that 

||S'=(Xo)-5^'(Yo)|| 2«^ 



|Xo-Yo|| 3^ 

5 



> 1 + Afc. 



This yields the required assertion. Note that S has infinitely many fixed points in K, i.e. 
Fix{S) = {{x,0) : xE[0,1\}- 

Example 2. Let us consider the Banach space M x £i defined as before, and / be a mapping 
of a segment C C M to itself, i.e. f : C -^ C with /(O) = and 

\r{x)-r{y)\<\x-y\ + Cn. c„>0, n G N 

where c„ — )■ 0. Note that such kind of functions do exist. One can take (see for more details 
[21]) C = [-I/tt, l/vr] and 

{Kx sin - , X 7^ 
«:G(0,1). 
0, x = 0. 

Define a new mapping 5*/ : C x i?i — )• C x i?i by 

5'/(x,x) = (/(a;),T„(x)), 

here T is defined as above (see (II. 7p ). Using the same argument as above Example 1, we can 
establish that 

\\S){X) - S){X)\\ < ||X - Y|| + /ifc</)(||X - Y||) + Cfc VA; G N. 

Moreover, such a mapping is not asymptotically nonexpansive. Note that the mapping Sj^ 
with the function /« has a unique fixed point in C x i?i. 

Remark. To the best our knowledge, we should stress that the constructed examples are 
currently only unique examples of totaly asymptotically nonxpansive mappings which are not 
asymptotically nonxpansive. Before, no such examples were known in the literature. 

Aim of the present paper is unification of all know iterative methods by introducing a new 
iterative scheme for approximation of common fixed points of finite families of total asymptot- 
ically /-nonexpansive mappings. Note that such a scheme contains as a particular case of the 
method introduced in [11] , and allow us to construct more simpler methods than p^ [TT] . 

Namely, let i^ be a nonempty closed convex subset of a real Banach space X and {Tj}™^^ : 
K ^ K he & finite family of total asymptotically Jj— nonexpansive mappings, i.e. 

WTJ'x - TM < \\I?^ - IM + f^iuMl^x - Jfi/ll) + A,„ (1.13) 

and {/j}™ 1 : K ^ K he a finite family of total asymptotically nonexpansive mappings, i.e. 

\\I^x - Jfyll < l|x - y\\ + jlin^.iWx -y\\) + A,„, (1.14) 

here (f)i,(fi : M"*" — )■ M"'" are the strictly increasing continuous functions with 0j(O) = <fi{0) = 
for all i = 1,171 and {/imjj^i, {Kn}'^=i, {P'in}'^=i, {Kn}'^=i are nonnegative real sequences with 



jJ^in, Kn, jJ'inAin -)■ as n -)■ oo for alH = l,m. Then for given sequences {ajnjj^i, {[ijn}n=i 
in (0, 1), where j = 0,m, we shall consider the following explicit iterative process: 

m 
Xn+1 = OiQnXn + zJ O^inTJ^Vn M ^^•\ 

m 



i=l 



such that Yli ^jn = 1 and ^ /5j„ = 1. 

j=0 j=0 

Chidume et.al. [11] has considered only a particular case of the explicit iterative process 
( ll.lSp . in which {/j}™]^ to be taken as the identity mappings. One of the main results of [TT] 
(see Theorem 3.5. p. 11) was correct while the provided proof of that result was wrong. Since, 



2 

1- - 
n 



d. 



in their proof they used Lemma I2l3| but which actually is not applicable in that situation, since 
the sequence {tn}'^=i tends to 0. As a counterexample, we can consider the following one: let 
X G X, ||x|| = d > 0, and let the sequences x„, ?/„, t„ be defined as follows 

Xn = X, yn = -X, tn = -, V?2 G N. 

n 
It is then clear that 

lim \\tnXn + (1 - tn)yn\\ = \\x\\ lim 

n—^oo n—^oo 

However, 

lim II Xn — ^nll = 2d > 0. 

In this paper, we shall provide a correct proof of Theorem 3.5 p. 11 in [TT]. As we already 
mentioned Lemma [2.31 is not applicable the main result of [H]. Therefore, we first will gen- 
eralize Lemma 12.31 to the case of finite number of sequences. Such a generalization gives us a 
possibility to prove the mentioned result. On other hand, the provided generalization presents 
an independent interest as well. Moreover, we extend and unify the main result of [TT] for a 
finite family of total asymptotically J^— nonexpansive mappings {Ti}^^. Namely, we shall prove 
the strong convergence of the explicit iterative process fll.l5p to a common fixed point of the 
finite family of total asymptotically Jj— nonexpansive mappings {Tj}^^ and the finite family 
of total asymptotically nonexpansive mappings {/i}^i. Here, we stress that Lemmas 13.11 and 
13.21 play a crucial role. All presented results here extend, generalize, unify and improve the 
corresponding main results of [1], [TT], [18], [35] , [36] , [2H] , [29l ]. 

2 Preliminaries 

Throughout this paper, we always assume that X is a real Banach space. The following lemmas 
play an important role in proving our main results. 



Lemma 2.1. 133] Let {an}-, {&n}, {cn} be three sequences of nonnegative real numbers with 

oo oo 

^ 6„ < oo, ^ Cn < OO. If the following condition is satisfied 

71=1 n=l 

(i) ctn+i < (1 + K)an + Cn, n> 1. 
then the limit lim a„ exists. 

ra— >oo 

Lemma 2.2. ^38] Let X be a uniformly convex Banach space and t G (0,1). Suppose {a;„}, 
{z/n} are two sequences in X such that 

lim \\tXn + (1 — t)yn\\ = d, limsup \\xn\\ < d, limsup ||y„|| < d, 
holds some d > 0. Then lim ||x„ — ?/„|| = 0. 

n—^oo 

Lemma 2.3. /Ji/ Le^ X be a uniformly convex Banach space and b, c be two constants with 
< b < c < 1. Suppose that {tn} is a sequence in [b,c] and {xn}, {yn} are two sequences in X 
such that 

lim \\tnXn + (1 — tn)yn\\ = d, lim sup ||x„|| < d, limsup \\yn\\ < d, 
holds some d> 0. Then lim ||x„ — yn\\ = 0. 



3 Main results 

In this section we shall prove our main results. To formulate ones, we need some auxiliary 
results. 

First we are going to generalize of Lemmas 12.21 and 12.31 for m number of sequences {zin}'^=i 
from the uniformly convex Banach space X, where i = l,m. 



Lemma 3.1. Let X be a uniformly convex Banach space and ai G (0,1), i = l,m be any 



constants with ^ a^ = 1. Suppose {zin}'^=i,i = l,m are sequences in X such that 



i=l 



lim 

n—^oo 



E 

j=i 



ixjZjf 



d, limsup II -2m II < d, Vi = l,m. 



(3.1) 



holds some d> 0. Then lim ||-2m|| = d and lim \\zin — Zjn\\ = for any i,j = l,m. 



Proof. Let us first prove lim ||;Zjn|| = d for any i = l,m. Indeed, it follows from (13. ip that 



d = lim 

n— >cxD 



n— >oo 
m 
y ^akZkn 



k=l 



lim inf 

n— >oo 



m 

/ ^ OikZkn 
fc=l 



m 



< liminf ^ttfclkfcnll < Oiliminf || 2:^11 + ^^ a^limsup ||2;fc„| 



.fc=i 



k^i 



< ctj liminf II 2;^ II + (1 — aj)(i. 



We then get that hininf ||2;m|| > d^ which means hm ||-2jn|| = d. 

Now we prove the statement hm \\Zin — ;z,„|| = by means of mathematical induction w.r.t. 
m. For m = 2, the statement immediately follows from Lemma [221 Assume that the statement 
is true, for m = k — 1. Let us prove for m = k. To do this, denote 

^ fc-i 

I- ak^ 



i=l 



k-l 



Since j^^ ^ «« = 1 we get limsup ||t„|| < d. On the other hand, one has 



2=1 



lim inf 

n— >oo 



E 



Oli Zj' 



lim inf 11(1 - aAtn + auZkn] 



< (1 - ak) liminf ||t„|| + a^ limsup \\zkn\\ 

n—>-oo n—^oo 

< (1 - Ofc) liminf ||t„|| + OfcC?- 

n— ^oo 

We then obtain liminf ||t„|| > d which means lim ||t„|| = d. In this case, according to the 

n— >oo n—^oo 

assumption of induction with the sequence t„, we can conclude that lim \\zin — Zjn\\ = 0, if 

n—^oo 

1 <ij <k-l. 

Since lim ||(1 — ak)tn + oikZknW = d due to Lemma [2l2] one gets 

lim ||t„ - ZknW = 0. 

If 1 ^ J ^ ^ "~ 1 then the following inequality 

\\Zjn ^knW — \\Zjn ''n. || T Hf-n ^knW 

k-l 



< 



1 - "» fer 



C^iW^in ZjnW T K-n ^knl 



implies that lim \\zjn — -Zfcnll = 0. This completes the proof. 



D 



Lemma 3.2. Let X be a uniformly convex Banach space and a^^^a* he two constants with 



< a* < a* < L Suppose that {ain}^^i C [a*, a*], i = l,m are any sequences with ^ am = 1 

j=i 



for all n G N. Suppose {-2m},^i, i = l,m are sequences in X such that 



lim 

n— ^oo 



E 

i=l 



^inZi', 



d, limsup \\zin\\ < d, Wi = l,m, 



holds for some d>0. Then lim ||-2m|| = d and lim \\zin — Zjn\\ = for any i,j = l,m. 



Proof. Analogously as in the proof of Lemma l3.ll it is easy to show that lim \\zi, 



(3.2) 



d. 



Therefore, let us prove the statement lim ||-2m — -2jn|| = for any i,j = l,m. Suppose contrary, 

n—^oo 

i.e., there exist two numbers io,jo such that 

limsup \\zi^n - ZjonW = (3ia,jo > 0- 

n—^OD 

9 



Then, there exists a subsequence {zi^n^ — 2^jo«fe}fc^i of {zi^n — ^jo«}n^i ^^'^^ ^^^^ 1™ W^' 



"JO-n-k I 



A 



fc— ^-oo 



«()«fe 



«oJo- 



Let us consider the subsequences {o:inf,}T=i ^^ {'^mjj^i, here i = l,m. Since {«mfc}fcLi C 
[a*, a*] there exist a subsequence {n^,}^]^ of {n^j^j^ such that hm ain^. = di for all i = l,m. 

i— s>oo ' 
m m 

Since ^ a^ = 1, for all n e N, one gets ^ a^ = 1, and «« G [a*, a*], for alH = 1, m. We know 
that 



lim 

l—^oo 



O^iUkj ^irifc; 



i=l 



It then follows that lim inf 



> 

i=\ 
m 

< ^ lim sup (|ai„fe^ - 



lim inf 

i— )-oo 






S^in^^ CXijZini,^ ' (^iZin^ j 



O^ini.. O^i \\\ Z' 



2|||'^mfc, 



IN fi,; 






+ lim inf 



E 



i=l 



O^iZirik, 



m 



> d. On the other hand, we have 



lim sup 



l^fOO 



E 



U^7, ■^ir. 



i=l 



< y^ OLi lini sup 



■'mfc, 



<d. 



Therefore, lim 

However, it contradicts to 

lim II z 



i=l 



(i. Consequently, Lemma IXT] implies that lim ||2;jp„,, —Zi 



/— >oo 



'«Onfe; ^JOrtfe; 



/— >oo 



«onfe; ^jortki 



lim |U, 

A;— >oo 



ionfe 



^jorifcll Piojo ^ U- 



This completes the proof. 
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Proposition 3.3. Let X be a real Banach space and K be a nonempty closed convex subset of 
X. Let {Tj}"^]^ : K ^ K be a finite family of total asymptotically li—nonexpansive mappings 
with sequences {/XjnjJ^i, {AjnlJ^i, where i = l,m, and {/j}^i : K ^ K be a finite family 
total asymptotically nonexpansive mappings with sequences {/imjj^i, {\n\'^=ii where i = l,m. 
Suppose that there exist Mi,M*,Ni,N* > 0, i = l,m such that 4>i{^i) < M*^i, for all ^j > Mi 
and ipi{Ci) < N*(i for all Q > Ni, where i = l,m. Then the following holds for any x,y E K 

(3.3) 



and for any i = l,m, 



\\I^X-I^y\\ < (1 + ilinN*)\\x - y\\ + fi,n^i{Ni) + Xin, 

WTi^x-rpyW < (i + /i„M;)(i + /i,„iv;)||x-i/||+/i,„(i + /i,„M*)^,(iv,) 

+ ~Xin{l + fi^nM*) + fiin<Pi{Mi) + A,,, (3.4) 



Proof. Since (f)i,(pi : M^ -^ M+ are the strictly increasing continuous functions, where i = l,m, 
it follows that (pii^i) < (j)i{Mi) and v^i(Cj) < 'PiiNi) whenever ^j < Mi and Q < Ni, where 
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i = l,m. By hypothesis of Proposition 13.31 for all C,i, 0^0 and i = l,m, we then get 

UC^)<MMi) + M:^i, (3.5) 

^^{C^)<^^{N^)+N*Q. (3.6) 

Since {Ti}'^-^ : K ^ K, {/j}™i : K ^ K are a total asymptotically /j— nonexpansive and a 
total asymptotically nonexpansive mappings, respectively, from (13. 5p and (13. 6p one gets 

Wl^'x-IiVW < \\X - y\\ + fj-in^ii\\x - y\\) + Xin 

< \\x - y\\ + jliniipiiNi) + N*\\x -y\\) + Xm 

= (1 + jlinN*)\\x - y\\ + fli„ipi{Ni) + Xin 



and 



\TJ^X-Try\\ < \\I:X-IM+^^inU\\Ii^-IM\) + ^^n 

< ll/fx - IM + ^iin{HM^) + M:\\^X - IM) + ^in 
= (1 + ^i,nM*)\\Il'x - IM + li^nUMi) + X,n 

< (1 + /ii„M;)(l + liinN*)\\x - y\\ + /ii„(l + iiinM*)^i{Ni) 

+ Ai„(l + /ii„M;) + fi^n^M,) + X,n 



n 



Lemma 3.4. Let X be a uniformly convex real Banach space and K he a nonempty closed con- 
vex subset of X. Let {Ti}^^ : K ^ K be a finite family of total asymptotically li— nonexpansive 
mappings with sequences {fiin}'^=i, {Xin}'^=i, where i = l,m, and {/j}™,i : K ^ K be a finite 
family total asymptotically nonexpansive mappings with sequences {/ij„}5^i, {Aj„}J^i, where 



m oo oo 



i = l,m, such that F := f] (F(Tj) fl F(/j)) ^ 0. Suppose ^ fj^m < c>o, ^ Xin < oo, 

i=l 71=1 n=l 

oo oo _ 

^ flin < OO, ^ Xin < OO for all i = l,m and there exist Mi,M*,Ni,N* > 0, i = l,m such 

n=l ra=l 

that 4>i{C,i) < M*^i, for all ^j > Mj and ipi{(i) < N*(i for all Q > Ni, where i = l,m. // {xn} 
is the explicit iterative sequence defined by (11.151) then for each p E F the limit lim ||a;„ — p\\ 

71— >00 

exists. 
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Proof. Since F 7^ 0, for any given p G -F, it follows from f ll.lSp and (13 ■4p that 

(m \ m 

i=l J i=l 

(m \ m 

1 - X] «m I \\Xn - PII + X^ ainWTiVn - P\\ 
i=l J i=l 

< f 1 -^ai„ j ||x„ -p|| 

m 

+ ^ ai„(l + fiinM*){l + /ii„Ar;)||y„ - p\\ 

i=l 
m 

i=l 
m 

Again from (11.151) and (13. 3p we derive that 

(m, \ m 

1 - ^ An j (a;„ - p) + ^ (3in{I^Xn - p) 
i=l J i=l 

/ m \ m 

< I 1 - X^ An j \\Xn -P\\+^ PinW^Xn - p\\ 

m \ 

1 + 5]] P'inPinN* j ||X„ - p 

rra 

Then from (13.71) and (13.81) one finds 

||3;„+l-p|| < {1 + bn)\\Xn - p\\ + Cn 



i=l 



(3.7) 



(3. 



(3.9) 
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here 

m / m 

On / J I h^inC^in-^^^i ' H'inC^in-'-^ i ~l~ Q^irt / ^ H'inPin-'-^ j 

i=l \ 1=1 

m mm 

+ ^ HinflinainM* N* + ^ ^inUinM* ■ ^ j^inPinN* 

i=l i=l 4=1 

m m 

~r / ^ H'inC^in-'^ i ' / ^ H'inPin-'^ i ; 
i=l j=l 

m m 

Cn = '^iflinl3in'fi{Ni) + \in(3in) " ^ am(l + /ii„M*)(l + /ii„A^* 

i=l i=l 

m 

+ ^ f /iinam(l + IJ,inM*)ipi{Ni) + Ai„am(l + /UmM* 

i=l 
m 

+ X] il^inain(pi{Mi) + Xinain) 
i=l 

Denoting a^ = ||a;„ — p|| in (13.91) one gets 

fln+l < (1 + bn)an + C^. 

oo oo 

Since ^ 6„ < oo and ^ c„ < oo, it follows from Lemma [2?T] the existence of the limit lim a„. 

n=l n=l "^°° 

This means the limit 

lim \\xn — p\\ = d (3.10) 

exists, where li > is a constant. This completes the proof. D 

Now we prove the following result. 

Theorem 3.5. Let X be a uniformly convex real Banach space and K be a nonempty closed con- 
vex subset of X. Let {Tj}™ ^^ : K ^ K be a finite family of total asymptotically Ii~nonexpansive 
continuous mappings with sequences {/im}^i, {Aj„}J^i, where i = l,m, and {Ii}^i : K — )• 
K be a finite family total asymptotically nonexpansive continuous mappings with sequences 



{/iml^i, {Am}^=i, where i = l,m, such that F := f] {F{Ti) nF{Ii)) ^ 0. Suppose Yl fJ'in < 

i=l 71=1 



OO; X] ^in < OO, ^ /ij„ < OO, X] -^in < OO for all i = l,m and there exist Mj, M*, Ni, N* > 0, 

n=l n=l n=l 

i = l,m such that (pil^i) < M*^i, for all ^i > Mi and (pi{Ci) < N*(i for all Q > Ni, where 
i = l,m. Then the explicit iterative sequence {x„} defined by fll.lSp converges strongly to a 
common fixed point in F if and only if 

liminfd(x„,F) = 0. (3.11) 
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Proof. The necessity of condition (13.1 ip is obvious. Let us proof the sufficiency part of Theorem. 
Since {Tj}™^, {/j}^i : K ^ K are continuous mappings, the sets F{Ti) and F{Ii) are 

closed. Hence F = f] {F{T.i) fl F{Ii)) is a nonempty closed set. 
For any given p E F, we have (see (13. 9p ) 

||a;„+l - pII < (1 + bn) \\Xn - p\\ + Cn, (3.12) 

Hence, one finds 

d{Xn+l, F)<{1 + bn) d{Xn, F) + Cn (3.13) 

From (13.13P due to Lemma [2. II we obtain the existence of the limit lim d{xn, F). By condition 

n— >oo 

(13. up . one gets 

lim d{xn,F) = liminf (i(x„, -F) = 0. 

n—^oo n— >oo 

Let us prove that the sequence {xn} converges strongly to a common fixed point in F. We 
first show that {x„} is Cauchy sequence in X. In fact, due to 1 + 1 < exp(t) for all t > 0, and 
from (I3.12p . we obtain 

Ikn+i-pll < exp(6„)(||x„-p|| +c„). (3.14) 

oo oo 

Thus, for any positive integers m,n, from (I3.14P with ^ 6„ < oo, ^ c„ < oo, we find 

n=l n=l 

\\Xn+ni - P\\ < exp{bn+m-l){\\Xn+m-l " P\\ + Cn+m-l) 

< exp(0„_|_m-l + bn+m-2J[\\Xn+rn-2 ~ P\\ + Cn+m-l + Cn+m-~2) 

< ■■■ 
^n+m—1 \ / n+m—1 

Ci 



< exp I ^ &i I I \\xn -p\\+ ^ 

< exp I 2^ 6i I I \\Xn -P\\+ 2^' 

\i=n / \ i=n 

Therefore we get 

ll-^n+m Xn\\ 2i \\Xn+m P\\ ' \\Xn P\\ 

< 1 + exp ^ 6i \\xn - p\\ + exp I ^ 6i j ^ Ci 



oo \ oo 



oo \ 

< W[ \\xn-p\\+J2ci] (3.15) 

i=n I 



for all p G -F, where < W^ — 1 = exp I X] ^« ) < oo. Taking infimum over p G -F in (I3.15P gives 

\%=n J 
\Xn+m-Xn\ < W i d{Xn, F) + ^d \ (3.16) 
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Since lim d{xn, F) = 0, and ^ c, < oo, given e > there exists an integer A^q > such 
that for all n > A^o we have d{xn, F) < —— and ^ q < — — -. Consequently, for all integers 

Z VV i=ji L VV 

n > No and m > 1 and from ( J3.16P we derive 

which means that {x„} is Cauchy sequence in X, and since X is complete there exists x* G X 
such that the sequence {x„} converges strongly to x*. 

Now we show that x* is a common fixed point in F. Suppose for contradiction that x* ^ F. 
Since F is closed subset of X, we have that d{x*, F) > 0. However, for all p E F, we have 

||a^* — P\\ < \\Xn ~ X*\\ + \\Xn — p\\- 

This implies that 

d{x*,F) < \\Xn - x*\\ + d{xn-,F), 

so that as n — > oo we obtain d{x*,F) = which contradicts d{x*,F) > 0. Hence, x* is a 
common fixed point in F. This proves the required assertion. D 

To formulate and prove the main result, we need one more an auxiliary result. 

Proposition 3.6. Let X be a uniformly convex real Banach space and K be a nonempty 
closed convex subset of X. Let {Tj}™ -^ : K ^ K be a finite family of total asymptotically 
li—nonexpansive continuous mappings with sequences {fJ'in}'^=i, {Kn}'^=i, where i = l,m, and 
{-^iji^i '■ K ^ K be a finite family total asymptotically nonexpansive continuous mappings with 



sequences {/im}.^i, {\n}'^=i, where i = l,m, such that F := f] {F{Ti) fl F{Ii)) ^ 0. Suppose 

i=l 

oo oo oo oo _ 

Y^ flin < OO, Yl ^in < OO, E hn < OO, J2 ^in < OO for all i = l,m, and {ajn}n=l, {Pjn}n=l 
n=l n=l n=l n=l 

are sequences with {Qjn}'^=i C [a*, a*] and {/3j„},^i C [/3=k,/3*], for all j = 0,m, here < a* < 
a* < 1, < /3* < /3* < 1, and there exist Mi, M* , Ni, N* > 0, i = l,m such that (pi^ii) < M*^i, 
for all ^i > Mi and ^Pi{Ci) < N*(i for all Q > Ni, where i = l,m. Then the explicit iterative 
sequence {xn} defined by ( Jl.lSp satisfies the following 

lim ||x„ — T"x„|| = 0, (3-17) 

n—^oo 

lim ||x„-/fx„|| = 0, (3.18) 

n— >oo 



for all i = l,m. 

Proof. According to Lemma [3^ for any p G -F we have lim ||a;„— p|| = d. It follows from (11.151) 

n— ^oo 

that 



pn+l ~ P\ 



OiOn{Xn - P) + X^ ainiTPVn - p) 
1=1 
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^d, (3.19) 



as n — )■ oo. By means of ^ /ij„ < oo, ^ A^ < C)0, ^ /ij„ < oo, ^ Aj„ < oo, for all i = l,m, 

n=l n=l n=l n=l 

from fl3.8p one yields that 



limsup ||?/ri — pII < limsup 



1 + J2 l^in^inN* 



\-^n P\ 



i=l 



m 

.1=1 



+ lim sup 

= limsup ||a;„ — pII = (i 

and from ([MD, fl3:20|) we have 

limsup II 7;"?/„, -p II < limsup[(l + /ii„M*)(l + /ii„A^*)||y„, -p|| 

+ lim sup /ii„(l + /ii„M;)v9i(A^i)] 

n— J-oo 

+ limsup[Ai„(l + fiinM*) + fiin(f)i{Mi) + Aj 

n->oo 



for alH = 1, m. Now using 

limsup II x„ — pjl = d 

n—^oo 

with f l3.2ip and applying Lemma 13.21 to f l3.19p one finds 

lim ||a;„ -7^"?/„|| = 0. 



for alH = 1, m. Now from (11.150 and fl3.22p we infer that 



lim 

71— >00 



^ ain (T^Vn - Xn) 



i=\ 



lim \\Xn+l - Xn 
n—>-oo 

On the other hand, from (13. 4p we have 

II II ^-^11 rrin II I II rjiTi \ \ 

||a;„-p|| < ||x„ -Tj |/„|| + ||Tj ?/„ -pll 

< ||a;„ - TJ'ynW + (1 + /if„M*)(l + /ii„iV;)|||/„ - p\\ 

+flin{l + ^linM*)^i{Ni) + Ai„(l + ^JiinM*) + flinMMi) + A, 

which implies 

||x„-p||-||a;„-7;"y„|| < {l + fiinM*){l + }linN*)\\y„,-p\\ 

+fl,n{l + fiinM*)^i{Ni) + Ai„(l + flinM*) 
+fiin4>i{Mi) + Xin 

The last inequality with dXTU]) . (IX^ yields 

liminf ||y„ — p|| = c? 



(3.20) 



(3.21) 



(3.22) 



(3.23) 



(3.24) 
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Combining (K2^ with (K20\i we get 



lim Wvn-pW = d 



Again from (11.151) we can see that 



\yn-p\\ 



/3on(a;„ -P)+^ Pinil'^Xn - p) 



-)■ d. 



n 



oo. 



(3.25) 



(3.26) 



From (13. 3p and (13.101) one finds 

hmSUp||Jfx„ -p|| < \m\S\lY>{{l + jj,inN*)\\Xn-p\\+jJ-in'^i{Ni) + Xin)=d 



n— >-oo n— >-oo 




for all i = l.m. Now applvine Lemma 13.21 to (I3.26P we obtain 


lim \Xn — I^XnW = 

n— >-oo 


for alH = 1, m. We then have 


hm i/n - Xn\ = lim 

n—>-oo Ji— s>oo 


m 
i=l 


Consider 





(3.27) 



(3.28) 



\\Xr. 






< \\Xn - Tl'ynW + (1 + /imM;)(l + flinN*)\\yn - X„ | 
+ (1 + l^inM*){jlinipiiNi) + Xin) + fUrMMi) + A^, 



for alH = 1, m. Then from fl3:22ll and JKm we get 



lim \\Xn -T^Xnl 

n— )-oo 



0, 



for alH = l,m. 



D 



Now we are ready to formulate a main result concerning strong convergence of the sequence 

{Xn}- 

Theorem 3.7. Let X be a uniformly convex real Banach space and K be a nonempty closed con- 
vex subset of X. Let {Tj}™]^ : K ^ K be a finite family of total asymptotically Ii—nonexpansive 
continuous mappings with sequences {yUmjJ^i, {Aj„}J^]^, where i = l,m, and {/j}[li : K — )• 
K be a finite family total asymptotically nonexpansive continuous mappings with sequences 



{jlin}n=iA^in]n=i^ whcrc 2 = 1, m, such that F := n {F{Ti) nF{Ii)) ^ 0. Suppose Yl l^in < 



i=l 



n=l 



00, Yl ^in < OO, Z] ^^in < OO, ^ Xin < OO for all i = l,m, and {ajn}n=i, {Pjn}^=i are se- 

n=l n=l n=l 

quences with {ajn}'^=i C [a^,a*] and {/3jn}^i C [/3^,,/3*], for all j = 0,m, here < a^ < a* < 

1, < /3, < /3* < 1, and there exist Mi,M*,Ni,N* > 0, i = l~m such that 0i(^i) < M*Ci, for 
all C,i > Mi and <fi{Ci) < N*(i for all Q > Ni, where i = l,m. If at least one mapping of the 
mappings {Tj}^^ and {Ii}^i is compact, then the explicitly iterative sequence {x„} defined by 
(I1.15P converges strongly to a common fixed point o/{Tj}™]^ and {/j}™i. 
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Proof. Without any loss of generality, we may assume that Ti is compact. This means that 
there exists a subsequence {Ti'^Xn^}'^^-^ of {T^Xn}'^=i such that {Ti'^Xn^}'^^^ converges strongly 
to X* G K. Then from ( 13.17^ we have that {xn,.}'kLi converges strongly to x*. Also from (I3.17p . 
we obtain {Tf''°a;„j,}^]^ converges strongly to x*, for all i = 2,m. Since {Tj}™j^ are continuous 
mappings, so jT"*" Xn,.}'^=i converges strongly to TiX*, for all i = l,m. On the other hand, 
from flS.lSp and continuousness of {/j}[li we obtain that {!{''' Xn^}'^^-^ converges strongly to x* 
and {/f*^ Xn,.}'kLi converges strongly to liX*, for all i = l,m. Due to (13.231) . {||x„j.+i — x„j.||} 
converges to 0, as /c — )■ oo. Then, {xnk+i}'kLi converges strongly to x* and moreover, (13. 4p 
and (EJD imply that {||T^'''=~'"^x„^+i - T^'^^^Xn^W} and {\\T^''^^Xn^,+i - I^''^^XnJ\} converge to 
0, as fc — )■ oo, for all i = l,m. From (I3.17p . (I3.18P it yields that ||x„j.+i — T"''''' a;nj.+i|| and 
||x„^+i — Jf'''^ a^wfe+ill converge to as A; — )■ oo, for all i = l,m. Observe that 

II * ^T' * II ^ II * III II 'V~''^fc~'~ II 

||3; -L^X II j^ ||3; •'^Tifc + lll ~r ll-^n^j+l -^ j '''nfc+lll 

'W-^i •^ri^. + l J-i -^Jifc II "T ll-t j -t-rife -tj-^ Ih 

II * T *ll ^ II * II I II r^fc+l II 

Ip — li.X II ^ ||a; — Xn^+l\\ -\- \\Xni,-\-l — li X„j,+i|| 

iHrnfe+l™ _, _ r«fc+l™ II I UT^k+l^ _ r.™*|| 
+ ll-'i ^nfe+1 Jj 2;„j^|| + ||ij X„j^ l^X II, 



for all i = l,m. Taking limit as fc — )■ oo we have that x* = Tix* and x* = hx* , for all i = l,m, 
which means x* G -F. However, by Lemma [3.41 the limit lim ||x„ — x*|| exists then 

n—^oo 

lim \\xn — x*\\ = lim ||x„j. — a;*|| = 0, 

which means {xn} converges strongly to x* G F. This completes the proof. D 

Remark. If one has that all /, are identity mappings, then the obtained results recover 
and correctly prove the main result of pT] . 

Remark. Suppose we are given two family {Tj}™ ^^ : K ^ K and {Si}'^^ : K —^ K oi total 

m 

asymptotically nonexpansive continuous mappings such that f] (-F(Tj) nF(S'j)) 7^ 0. Define 
the following explicit iterative process: 

Xq G K, 

m 

Xn+1 "On-^n ~r / ^ Oiin-'-i Vn ' (^m+l,nV"n to oq"\ 

m 

Vn ^ POnXn + Z^ Pin^i Xn + Pm+l,n^n- 
i=l 

m+l m+1 

such that ^ aj„ = 1 and Yl Pjn = 1- 

Under suitable conditions, by the same argument and methods used above one can prove, 
with either little mirror or no modifications, the strong convergence of the explicit iterative 
process defined by (13.290 to a common fixed point of the given families. 
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Remark. Let {Tj}™^ : K ^ K he a finite family of total asymptotically nonexpansive 
continuous mappings with sequences {fiin}'^=i, {Kn}'^=i, where i = l,m. It is clear for each 
operator Tj one has 

WT^x - TPvW < WTl'x - TPvW + /i,„||7;"x - TM, (3.30) 

this means that Tj is total asymptotically Tj-nonexpansive mappings with sequence {/Xj„}J^i 
and the function 0(A) = A. Hence, our iteration scheme can be written as follows 

Xo E K, 

m 

m 

Vn POn-^n ~r / , Pin-'- i •^n- 
i=l 



where {ajn}n=i, {I3jn}n=i in (0, 1), (j = 0,m) with Yl o^jn = 1, E l^jn = 1- 

The defined scheme is a new iterative method generalizing one given in [11]. So, accord- 
ing our main results for the defined sequence {xn} (see (I3.3ip ) we obtain strong convergence 
theorems. On the other hand, playing with numbers {ajn}'^=i, {(3jn}'^=i and by means of the 
defined method one may introduce lots of different schemes. All of the them strongly converges 
to a common fixed point of {Tj}™]^. Moreover, the recursion formula (I3.3ip is much simpler 
than the others studied earlier for this problem [1], [lO], [H], [35], [28], [2], [21], [19], |10]. There- 
fore, all presented results here generalize, unify and extend the corresponding main results of 
the mentioned papers. Note that one can consider the method (11.151) with errors, and all the 
theorems could be carry over for such iteration scheme as well with little or no modifications. 

We stress that all the theorems of this paper carry over to the class of total asymptotically 
quasi /-nonexpansive mappings (see [H]), [39] with little or no modifications. 
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